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Abstract
In this paper we extend the Cartan’s approach of Riemannian normal
coordinates and show that all n-dimensional pseudo-Riemannian metrics
are conformal to a flat manifold, when, in normal coordinates, they are
well-behaved in the origin and in its neighborhood. We show that for this
condition all n-dimensional pseudo-Riemannian metrics can be embedded in
a hyper-cone of an n+2-dimensional flat manifold. Based on the above
conditions we show that each n-dimensional pseudo-Riemannian manifold is
conformal to a n-dimensional manifold of constant curvature. As a
consequence of geometry, without postulates, we obtain the classical and
the quantum angular momenta of a particle.
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1 Introduction
Conformal spaces are very important in geometry and physics. Re-
searchers pay special attention to them and there are several important re-
sults based on or associated with conformal geometry [1], [2]. In this paper
we present, in detail, results of Cartan, [3], [4], [5], and make a simple exten-
sion that implies a new consequence: all n-dimensional pseudo-Riemannian
metrics are conformal to a flat manifold, when, in normal coordinates, they
are well-behaved in the origin and in its neighborhood.
This paper is organized as follows. In Sec.2 we present normal coordinates
and elements of differential geometry. In Sec.3 we continue the geometric
approach. In Sec.4 we show that all well-behaved n-dimensional pseudo-
Riemannian metrics in origin and in its neighborhood, in normal coordi-
nates, are conformal to a n-dimensional flat manifold and to a n-dimensional
manifold of constant curvature. This result is used in the Cartan’s solution
for a space of constant curvature. In Sec.5 we present more differential ge-
ometry by introducing normal tensors to build the Cartan’s solution for a
general pseudo-Riemannian metric. In Sec.6 we make an embedding of all n-
dimensional pseudo-Riemannian metrics that obey previously presented con-
ditions into a hyper-cone of a flat n+2-dimensional space. In Sec.7, we make
an embedding of all n-dimensional pseudo-Riemannian manifold of constant
curvature in a n+1-dimensional flat manifold, obtaining, without postulates,
the quantum angular momentum operator of a particle as a consequence of
geometry.
2 Normal Coordinates
In this section we briefly present normal coordinates and review some
elements of differential geometry for an n-dimensional pseudo-Riemannian
manifold, [3], [4], [5].
Let us consider the line element
ds2 = GΛΠdu
ΛduΠ, (2.1)
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with
GΛΠ = E
(A)
Λ E
(B)
Π η(A)(B), (2.2)
where η(A)(B) and E
(A)
Λ are flat metric and vielbein components respectively.
We choose each η(A)(B) as plus or minus Kronecker’s delta function. Let us
give the 1-form ω(A) by
ω(A) = duΛE
(A)
Λ . (2.3)
We now define Riemannian normal coordinates by
uΛ = vΛt, (2.4)
then
duΛ = vΛdt+ tdvΛ. (2.5)
Substituting in (2.3)
ω(A) = tdvΛE
(A)
Λ + dtv
ΛE
(A)
Λ . (2.6)
Let us define
z(A) = vΛE
(A)
Λ , (2.7)
so that
ω(A) = dtz(A) + tdz(A) + tEΠ(A)
∂EΠ(B)
∂z(C)
z(B)dz(C). (2.8)
We now make
A(A)(B)(C) = tEΠ(A)
∂EΠ(B)
∂z(C)
, (2.9)
then
̟(A) = tdz(A) + A(A)(B)(C)z(B)dz(C), (2.10)
with
ω(A) = dtz(A) +̟(A). (2.11)
We have at t = 0
A(A)(B)(C)(t = 0, z(D)) = 0, (2.12)
̟(A)(t = 0, z(D)) = 0, (2.13)
and
ω(A)(t = 0, z(D)) = dtz(A). (2.14)
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We conclude that ω(A) is the one-form associated to the normal coordinate
uΛ, z(A) is associated to the local coordinate vΛ of a local basis, and ̟(A) is
the one-form associated to the one-form dz(A).
Consider, at a n+1-manifold, a coordinate system given by (t, z(A)). For each
value of t we have a hyper-surface, where dt = 0 on each of them. We are
interested in the hyper-surface with t = 1. On this hyper-surface we verify
the following equality
ω(A)(t = 1, z) = ̟(A)(t = 1, z). (2.15)
The equality (2.15) is true on all hyper-surface t = constant.
Consider the following expression in a vielbein basis
dω(A) = −ω
(A)
(B) ∧ ω
(B). (2.16)
The expression is invariant by coordinate transformations.
Consider now the map Φ, between two manifolds M and N,
and consider two subsets, U of M and V of N.Then,
Φ : U −→ V. (2.17)
Define now pull-back as follows, [4],
Φ∗ : F p(V ) −→ F p(U), (2.18)
so that Φ∗ sends p-forms into p-forms.
It is well known that the exterior derivative commutes with pull-back, so
that
Φ∗(dω
(A)
(B)) = dΦ
∗(ω
(A)
(B)), (2.19)
and
Φ∗(dω(A)) = dΦ∗(ω(A)). (2.20)
We also have
Φ∗(ω
(A)
(B) ∧ ω
(B)) = Φ∗(ω
(A)
(B)) ∧ Φ
∗(ω(B)). (2.21)
The equation (2.11) can be seen as pull-back,
Φ∗(ω(A)) = dtz(A) +̟(A). (2.22)
It can be shown, by a simple calculation that
Φ∗(ω
(A)
(B)) = ̟
(A)
(B) . (2.23)
We note that dt = 0, for ̟(A) and for ̟
(A)
(B) .
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By the exterior derivative of (2.22), we obtain
d(Φ∗(ω(A))) = d(dtz(A) +̟(A)) = dz(A) ∧ (dt)
+dt ∧
∂(̟(A))
∂(t)
(2.24)
+ terms not involving dt.
Making a pull-back of (2.16) and using (2.21) we have
Φ∗(dω(A)) = Φ∗(−ω
(A)
(B) ∧ ω
(B)) = −Φ∗(ω
(A)
(B)) ∧ Φ
∗(ω(B)). (2.25)
Using (2.20), (2.23), (2.24) and (2.25) we have
∂(̟(A))
∂(t)
= dz(A) +̟
(A)
(B)z
(D). (2.26)
We can, by a similar procedure to (2.19), and using the Cartan’s second
structure equation, obtain the following result
∂(̟(A)(B))
∂(t)
= R(A)(B)(C)(D)z
(C)̟(A). (2.27)
Making a new partial derivative of (2.26), two partial derivatives of (2.10),
comparing the results and using (2.27) we have the following equation
∂2(A(A)(C)(D))
∂(t2)
= tz(B)R(A)(B)(C)(D) + z
(L)z(M)R(A)(L)(M)(N)A(P)(C)(D)η
(N)(P).
(2.28)
Rewriting (2.28), with the indices (C) and (D) permuted, we obtain the
following result
∂2(A(A)(D)(C))
∂(t2)
= tz(B)R(A)(B)(D)(C) + z
(L)z(M)R(A)(L)(M)(N)A(P)(D)(C)η
(N)(P).
(2.29)
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Adding (2.28) and (2.29) and using the curvature symmetries we have the
following solution
A(A)(C)(D) + A(A)(D)(C) = 0, (2.30)
that is true for all t.
Then,
A(A)(C)(D) = −A(A)(D)(C), (2.31)
so that, we can rewrite (2.10) as
̟(A) = tdz(A) +
1
2
A(A)(B)(C)(z(B)dz(C) − z(C)dz(B)). (2.32)
Let us define
A(A)(C)(D) = z
(B)B(A)(B)(C)(D). (2.33)
The following result is obtained by substituting (2.33) in (2.28),
∂2(B(A)(B)(C)(D))
∂(t2)
= tR(A)(B)(C)(D)+z
(L)z(M)R(A)(B)(L)(N)B(P)(M)(C)(D)η
(N)(P).
(2.34)
We now rewrite (2.34) as follows
∂2(B(B)(A)(C)(D))
∂(t2)
= tR(B)(A)(C)(D)+z
(L)z(M)R(B)(A)(L)(N)B(P)(M)(C)(D)η
(N)(P).
(2.35)
Adding (2.34) and (2.35) and using the curvature symmetries we obtain the
solution
B(A)(B)(C)(D) +B(B)(A)(C)(D) = const., (2.36)
for all t.
We can use (2.12) and (2.33) in (2.36) to obtain
B(A)(B)(C)(D) +B(B)(A)(C)(D) = 0. (2.37)
In the following, for future use, we present the line element on the hyper-
surface
ds′2 = η(A)(B)̟
(A)̟(B). (2.38)
From (2.31), (2.33) and (2.37) we conclude that B(A)(B)(C)(D) has the same
symmetries of the Riemann curvature tensor
B(A)(B)(C)(D) = −B(B)(A)(C)(D) = −B(A)(B)(D)(C) . (2.39)
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Using (2.31) and (2.37) we have
A(A)(C)(D)dz
(A)z(C)dz(D) =
+
1
4
B(A)(B)(C)(D).
.(z(B)dz(A) − z(A)dz(B)).
.(z(C)dz(D) − z(D)dz(C)).
(2.40)
Now we can construct the line element of the hyper-surface. By direct use of
(2.32) and (2.40) we have
ds′2 = t2η(A)(B)dz
(A)dz(B) +
+
1
2
{
1
2
tǫ(B)B(A)(B)(C)(D) +
+η(M)(N)A(M)(B)(A)A(N)(C)(D)}.
.(z(B)dz(A) − z(A)dz(B))(z(C)dz(D) − z(D)dz(C)).
(2.41)
The line elements of the manifold and the hyper-surface are equal at t = 1,
where uΛ = vΛ,
ds2 = ds′2, (2.42)
and
ds2 = η(A)(B)dz
(A)dz(B) +
+
1
2
{
1
2
ǫ(B)B(A)(B)(C)(D) +
+η(M)(N)A(M)(B)(A)A(N)(C)(D)}.
.(z(B)dz(A) − z(A)dz(B))(z(C)dz(D) − z(D)dz(C)).
(2.43)
Note that (2.43) is not an approximation of (2.1), they are equal.
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3 Conformal Form of Riemannian Metrics
Sometimes it is possible to write the metric in a particular form, as follows
ds2 = η(a)(b)dz
(a)dz(b) +
+{η(0)(0) +
1
2
[
1
2
ǫ(B)B(A)(B)(C)(D) +
+η(M)(N)A(M)(B)(A)A(N)(C)(D)].
.(z(B)
dz(A)
dτ
− z(A)
dz(B)
dτ
)(z(C)
dz(D)
dτ
− z(D)
dz(C)
dτ
)}dτ 2,
(3.1)
where(a), (b) 6= 0.
Defining
dρ2 = {η(0)(0) +
1
2
[
1
2
ǫ(B)B(A)(B)(C)(D) + (3.2)
+η(M)(N)A(M)(B)(A)A(N)(C)(D)].
.(z(B)
dz(A)
dτ
− z(A)
dz(B)
dτ
)(z(C)
dz(D)
dτ
− z(D)
dz(C)
dτ
)}dτ 2,
(3.3)
then, (3.1) can be rewritten as
ds2 = dρ2 + η(a)(b)dz
(a)dz(b). (3.4)
We now write (2.43) as
ds2 = η(A)(B)dz
(A)dz(B) +
+{
1
2
[
1
2
ǫ(B)B(A)(B)(C)(D) +
+η(M)(N)A(M)(B)(A)A(N)(C)(D)]}.
.(z(B)
dz(A)
ds
− z(A)
dz(B)
ds
)(z(C)
dz(D)
ds
− z(D)
dz(C)
ds
))ds2.
(3.5)
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It can also be written in the form
[1−
1
2
[
1
2
ǫ(B)B(A)(B)(C)(D) +
+η(M)(N)A(M)(B)(A)A(N)(C)(D)].
.(z(B)
dz(A)
ds
− z(A)
dz(B)
ds
)(z(C)
dz(D)
ds
− z(D)
dz(C)
ds
)]ds2
= η(A)(B)dz
(A)dz(B).
(3.6)
We now define the function
LA)(B) = (z(B)
dz(A)
ds
− z(A)
dz(B)
ds
), (3.7)
which is the classical angular momentum of a free particle.
The line element (3.6) can assume the following form
{1 +
1
2
[
1
2
(ǫ(B)B(A)(B)(C)(D) +
+η(M)(N)A(M)(B)(A)A(N)(C)(D)].
.(LA)(B)LC)(D))}ds2
= (η(A)(B)dz
(A)dz(B).
(3.8)
We now define the function
exp(−2σ) = {1 +
1
2
[
1
2
(ǫ(B)B(A)(B)(C)(D)
+η(M)(N)A(M)(B)(A)A(N))(C)(D))].
.L(A)(B)L(C)(D)},
(3.9)
so that, the line element assumes the form
ds2 = exp(2σ)η(A)(B)dz
(A)dz(B). (3.10)
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When transformations like (3.2) are possible, (3.4) will be a flat metric,
with the time changed, and it is equivalent to the original metric. The metric
(3.10) is conformal to a flat manifold, and we conclude that all n-dimensional
pseudo-Riemannian metrics are conformal to flat manifolds, when, in normal
coordinates, the transformations are well-behaved in the origin and in its
neighborhood. It is important to pay attention to the fact that a normal
transformation and its inverse are well-behaved in the region where geodesics
are not mixed. Points where geodesics close or mix are known as conjugate
points of Jacobi’s fields. Jacobi’s fields can be used for this purpose. Al-
though this is an important problem, we do not make other considerations
about the regions where (3.4) and (3.10) will be valid.
In the next section we present the Cartan’s solution for the case where cur-
vature is constant. For the Cartan’s solution to a general metric, more geo-
metric objects, like normal tensors, are necessary. This will be presented in
section 5.
4 Cartan’s Solution for Constant Curvature
In this section we present the Cartan’s solution for the constant curvature.
The calculation is very simple and was done in [3], and reproduced in detail
in [4]. Our objective in this section is only to place the Cartan’s solution in
the forms (3.4) and (3.10).
Cartan used the signature (+,+,+....,+) and obtained the following line
element
ds2 =
n∑
k=1
(̟k)2 =
n∑
k=1
(dvk)2 +
−[
|K|r2 − S2(r
√
|K|t)
|K|r4
]
∑
i<j
(vidvj − vjdvi)2,
(4.1)
where for K > 0
S = sin(
√
|K|t), (4.2)
and for K < 0
S = sinh(
√
|K|t). (4.3)
10
We write (4.1) in the form (3.1)
ds2 =
n∑
k=1
(̟k)2 =
n∑
k=1
(dvk)2
−[
|K|r2 − S2(r
√
|K|t)
|K|r4
]
∑
i<j
(vi
dvj
dτ
− vj
dvi
dτ
)2dτ 2.
(4.4)
Consider the following function
lij =
∑
i<j
(vi
dvj
dτ
− vj
dvi
dτ
)2. (4.5)
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Using (4.5) in (4.4) we obtain
ds2 =
n∑
k=1
(̟k)2 =
n∑
k=1
(dvk)2
−[
|K|r2 − S2(r
√
|K|t)
|K|r4
]
∑
i<j
(lij)2dτ 2.
(4.6)
Sometimes we can suppose that dv1 = dτ . Then, in this case (4.6) can be
written in the form
ds2 =
n∑
k=1
(̟k)2 =
n∑
k=2
(dvk)2
+{1− [
|K|r2 − S2(r
√
|K|t)
|K|r4
]
∑
i<j
(lij)2}dτ 2.
(4.7)
Defining,
dρ2 = {1− [
|K|r2 − S2(r
√
|K|t)
|K|r4
]
∑
i<j
(lij)2}dτ 2, (4.8)
and using it in (4.6), we obtain
ds2 = dρ2 +
n∑
k=2
(dvk)2, (4.9)
where (4.9) has the same form as (3.4).
We now write (4.1) in the form (3.10). For this we change (4.1) as follows
ds2 =
n∑
k=1
(̟k)2 =
n∑
k=1
(dvk)2 +
−[
|K|r2 − S2(r
√
|K|t)
|K|r4
]
∑
i<j
(vi
dvj
ds
− vj
dvi
ds
)2ds2.
(4.10)
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We note that (4.10) has the form of (3.5).
Defining
L(i)(j) = (z(i)
dz(j)
ds
− z(j)
dz(i)
ds
). (4.11)
and replacing (4.11) in ( 4.10) we obtain
ds2 =
n∑
k=1
(̟k)2 =
n∑
k=1
(dvk)2 +
−[
|K|r2 − S2(r
√
|K|t)
|K|r4
]
∑
i<j
(L(i)(j))2ds2,
(4.12)
which is equivalent to
{1 + [
|K|r2 − S2(r
√
|K|t)
|K|r4
]
∑
i<j
(L(i)(j))2}ds2 =
n∑
k=1
(dvk)2. (4.13)
We now define
exp(−2σ) = {1 + [
|K|r2 − S2(r
√
|K|t)
|K|r4
]
∑
i<j
(L(i)(j))2}. (4.14)
Substituting in (4.13) we obtain
ds2 = exp(2σ)
n∑
k=1
(dvk)2. (4.15)
We could have this section with all equations in a vielbein basis. The results
would be the same. This will be made at the end of the next section for the
general solution.
We rewrite (4.15) as follows
ds2 = {1 + [
|K|r2 − S2(r
√
|K|t)
|K|r4
]
∑
i<j
(ηijL
(i)(j))2}−1dvldvkηlk, (4.16)
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where ηjk is a generic flat metric.
By a coordinate transformation we can put (4.16) in the well known form
ds2 = {1 +
KΩjΩkηjk
4
}−2dΩjdΩkηjk. (4.17)
It is well known that (4.17) is conformal to a flat metric. As (4.16) and
(4.17) are equivalent, we conclude that (4.16) is also conformal to a flat met-
ric. Therefore, we conclude that there is a local conformal transformation
between (4.16) or (4.17) and (3.10). This is an important result that will be
analyzed in section 7.
In the next section we present, in detail, some geometric objects, like normal
tensors. This is necessary for the Cartan’s solution of a general metric.
5 Normal Tensors
In this section, a Taylor’s expansion for the metric tensor components
will be built in the origin of normal coordinates. Normal tensors are very
important for this. In this paper we use the notation (;) for the covariant
derivative.
Consider the line element
ds2 = GΛΠdu
ΛduΠ. (5.1)
Its expansion in the origin of a normal coordinate has the general form
ds2 = Gλπdu
λduπ = Gλπ(0) +
∂Gλπ
∂uµ
vµt
+
1
2
∂2Gλπ
∂uµ∂uν
vµvνt2 + .......,
(5.2)
where the derivatives are calculated at uπ = 0.
Some results will be found in [6], [7], but, in general, they are not simple.
Our results are simpler because they are more specific.
Consider the covariant derivative of Gλπ at a normal coordinate.
For a pseudo-Riemannian space we have
Gλπ;µ= 0. (5.3)
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From (5.3) we obtain
∂Gλπ
∂uµ
= CρµλGρπ + C
ρ
µπGλρ, (5.4)
where
C
ρ
µλ(0) = 0, (5.5)
and
∂Gλπ
∂uµ
(0) = 0, (5.6)
in origin.
In the limit u = 0, the partial derivatives of (5.4) supply all derivative terms
for the expansion (5.2). Each partial derivative of Cρµλ, calculated in the
origin, is a new tensor. These new tensors are called normal tensors. We
designate the following representation for them,
D
ρ
µλαβ....γ =
∂nC
ρ
µλ
∂uα∂uβ...∂uγ
(0). (5.7)
We conclude from (5.7) that normal tensors are symmetric at the first pair
of inferior indices and also have a complete symmetry among other inferior
indices.
It is simple to show that
S(Dρµλαβ....γ) = 0, (5.8)
where S designates the sum of different normal tensor components. With
(5.4),(5.5), (5.6), (5.7) and (5.8) we can calculate all terms of the expansion
(5.2).
Deriving (5.5), calculating the limit, and using (5.7) we have
∂2Gλπ
∂uµuν
= GλρD
ρ
µπν +GπρD
ρ
µλν . (5.9)
There is more than one way of associating the curvature tensor with normal
tensors. In the following we present the simplest way we know.
Let us define, in normal coordinates, the following components of the Rie-
mannian curvature tensor
R
ρ
µλν =
∂(Cρµλ)
∂uν
−
∂(Cρµν)
∂uλ
+ CσµλC
ρ
σν − C
σ
µνC
ρ
σλ. (5.10)
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The limit of (5.10) is
R
ρ
µλν = D
ρ
µλν −D
ρ
µνλ, (5.11)
where we have used (5.5) and (5.7).
Using (5.7), (5.8), (5.11) and the symmetries of the Riemannian curvature
tensor, we can show that
D
ρ
µλν =
1
3
(Rρµλν +R
ρ
λµν). (5.12)
Using (5.9) and (5.12) we obtain
∂2Gαβ
∂uγuδ
uγuδ =
2
3
Rαγβδu
γuδ. (5.13)
By similar procedure, but tedious calculation, we obtain
∂3Gαβ
∂uµuνuσ
uµuνuσ = Rαµβν;σu
γuδuµuνuσ. (5.14)
Derivatives of fourth order for metric tensor are easy but very long. We do
not present them here.
Now we can conclude the Taylor’s expansion of the metric tensor. First we
rewrite
Gλπ = Gλπ(0)
+
1
2
∂2Gλπ
∂uµ∂uν
vµvνt2
1
6
∂3Gαβ
∂uµuνvσ
vµvνvσt3 + ...,
(5.15)
Now we substitute (5.13) and (5.14) in (5.15) obtaining
Gλπdu
αduβ = Gαβ(0)du
αduβ +
+
1
3
[Rαγβδt
2 +
+
1
2
vσRαµβν;σt
3 + ...]vγvδduαduβ, .
(5.16)
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Using the symmetries of the curvature tensor we have the following expansion
Gλπdu
αduβ = Gαβ(0)du
αduβ +
+
1
12
[Rαγβδt
2 +
+
1
2
vσRαγβδ;σt
3 + ...][vγduα − vαduγ][vβduδ − vδduβ].
(5.17)
On the hyper-surface t = 1 we have dt = 0 and
Gλπdu
αduβ = Gαβ(0)dv
αdvβ +
+
1
12
[Rαγβδ +
+
1
2
vσRαγβδ;σ][v
γdvα − vαdvγ][vβdvδ − vδdvβ].
(5.18)
which is the same result of Cartan, although, by a different way.
It is always possible to place a flat metric into a diagonal form. This is the
case of a metric at the origin of normal coordinates. In this case we have
E
(A)
Λ (0) = δ
(A)
Λ . (5.19)
We now present the Taylor’s expansion of E
(A)
Λ at the origin of a normal
coordinate
E
(A)
Λ (u) = δ
(A)
Λ +
+
∂(E
(A)
Λ )
∂(uα)
duα + ...
(5.20)
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Multiplying (5.18) by the vielbein components and their inverse, using
(5.19) and (5.20), we obtain
ds2 = η(A)(B)dz
(A)dz(B) +
+
1
12
[R(A)(B)(C)(D) +
+
1
2
z(M)R(A)(B)(C)(D),(M)].
.(z(B)dz(A) − z(A)dz(B))(z(C)dz(D) − z(D)dz(C)),
(5.21)
where the calculation was made on the hyper-surface t = 1 and dt = 0.
Note that the expansion given by (5.22) is an approximated solution of (2.43).
Using a perturbation method, Cartan first solved the equations (2.28) and
(2.34) and then placed each solution into (2.43).
Following the same procedure used to place (5.18) in the form (5.21), we can
place (3.10) as follows
ds2 = {1 +
1
2
[
1
2
(ǫβBαβγδ)
+ηρσAραβAσγδ))].
.LαβLγδ}−1ηαβdΩ
αdΩβ .
(5.22)
We now rewrite (4.17) obtaining
ds′2 = {1 +
KΩαΩβηαβ
4
}−2dΩρdΩση̺σ. (5.23)
Because (5.22) and (5.23) are conformal to a flat manifold, there is a confor-
mal transformation between them, with a conformal factor, (exp 2ψ). Then
g′αβ = (exp 2ψ)gαβ. (5.24)
More specifically,
{1 +
1
2
[
1
2
(ǫβBαβγδ) +
+ηρσAραβAσγδ))]L
αβLγδ} =
= (exp 2ψ){1 +
KΩαΩβηαβ
4
}2.
(5.25)
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This is an important result with some consequences as we will see.
Note that (5.23) is a particular Einstein’s space with a constant curvature,
where
R′αβ =
R′
n
g′αβ, (5.26)
and R′ is the scalar curvature. Spaces, as the Schwarzschild’s, where
Rαβ = 0, (5.27)
are Einstein’s spaces and are not maximally symmetric.
Einstein’s spaces with a constant scalar curvature obey homogeneity and
isotropy conditions. They are maximally symmetric spaces.
We will be using the following definitions, [8]
△1ψ = g
µνψ,µψ,ν , (5.28)
ψµν = ψ;µν − ψ,µψ,ν , (5.29)
△2ψ = g
µνψ;µν . (5.30)
From (5.24), (5.28), (5.29), and (5.30) we obtain
ψµν =
1
(n− 2)
(Rµν)
−
1
(2)(n− 1)(n− 2)
(g′µνR
′ − gµνR)
−
1
2
△1ψgµν .
(5.31)
If g′µν is a metric of an Einstein’s space, then (5.31) is simplified to
ψµν = −
1
(n− 2)
Rµν +
+(
1
(2)(n− 1)(n− 2)
R +
1
(2n)(n− 1)
R′(exp 2ψ)−
1
2
△1ψ)gµν .
(5.32)
In the region where (2.4) is well-behaved, (5.25) will be possible.
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6 Local Embedding of Riemannian Manifolds
in Flat Manifolds
In section 3 we presented some considerations about the regions where
coordinate transformations are well-defined. We consider that this is the
case, where such conditions are satisfied.
Let us rewrite (3.10)
ds2 = exp(2σ)η(A)(B)dz
(A)dz(B). (6.1)
Defining the following transformation of coordinates, [8],
y(A) = exp(σ)z(A), (6.2)
with (A) = (1, 2, 3, ...., n),
yn+1 = exp(σ)(η(A)(B)z
(A)z(B) −
1
4
), (6.3)
and,
yn+2 = exp(σ)(η(A)(B)z
(A)z(B) +
1
4
). (6.4)
It is easy to verify that
ηABy
AyB = 0, (6.5)
where,
ηAB = (η(A)(B), η(n+1),(n+1), η(n+2),(n+2)), (6.6)
with,
η(n+1),(n+1) = 1, (6.7)
and,
η(n+2),(n+2)=−1. (6.8)
By a simple calculation we can verify that the line elements are given by
ds2 = exp(2σ)η(A)(B)dz
(A)dz(B) = ηABdy
AdyB. (6.9)
The equation (6.5) is a hyper-cone in the (n+2)-dimensional flat manifold.
The metric (6.1) was embedded in the hyper-cone (6.5) of the (n+2)-dimensional
flat manifold. We could present more results about embedding, but we have
already reached our objective.
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7 Embedding of Manifolds of Constant Cur-
vatures in Flat Manifolds
In this section we embed the n-dimensional manifold (5.23) in a n+1-
dimensional flat manifold obtaining, as a geometric result, without postulate,
the quantum angular momentum of a particle. Other results will be presented
in another section.
We now consider a manifold (5.23) designated by S, embedded in a n+1-
dimensional flat manifold. The following constraint is obeyed [9],
ηαβx
αxβ = K = ǫ
1
R2
, (7.1)
where K is the scalar curvature of the n-dimensional manifold (5.23), α, β =
(1, 2, ..., n + 1) and ǫ = (+1,−1). For the special case of a n-sphere we use
the following notation Sn for (5.23).
It is convenient that we use a local basis Xβ =
∂
∂(xβ)
.
We consider a constant vector C in the n+1-dimensional manifold given by
ηαβC
αXβ = ηαβCαXβ = C, (7.2)
where Cα are constant andN is a unitary and normal vector to S. We use the
symbol <,> for the internal product in the n+1-dimensional flat manifold
and <,>′ for S.
A constant vector C can be decomposed into two parts, one in S and the
other off S as follows
C = C¯+ < C,N > N. (7.3)
From the definition of N and (7.1) we obtain
Nα =
xα
R
(7.4)
Let us construct the covariant derivative of C. We have a local basis and a
diagonal and unitary tensor metric, so that the Christoffel symbols are null.
Then the covariant derivative of C in the Y direction is given by
∇YC = 0. (7.5)
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It is easy to show that
∇YN =
Y
R
. (7.6)
The Lie derivative of the metric tensor in S is given by [1],
LU¯g
′ = 2λUg
′, (7.7)
where U is a constant vector in the flat manifold, and λU is the characteristic
function. For S, the characteristic function is given by
λU = −
1
R
{< U,N > . (7.8)
Substituting (7.8) in (7.7) we have
LU¯g
′ = −2
1
R
< U,N > g′. (7.9)
In the region of S where < U,N > is not null, U¯ is a conformal Killing vector
and in the region where < U,N > is null, U¯ is a Killing vector.
We now consider another constant vector V in the flat space. The Lie deriva-
tive of its projection in S is given by
LU¯g
′ = −2
1
R
< U,N > g′. (7.10)
As we consider a local basis and constant vectors U and V, the commutator
is given by
[U, V ] = 0. (7.11)
Then,
L[U¯,V¯ ]g
′ = −2
1
R
< [U, V ], N > g′ = 0. (7.12)
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Regardless U¯ and V¯ being Killing or conformal Killing vectors, their com-
mutator is a Killing vector. In the following we will show that the commuta-
tor [U¯ , V¯ ] is proportional to the quantum angular momentum of a particle.
Using (7.3) in the following commutator of elements of the basis , we obtain
[U¯ , V¯ ] =
= UαV β[Xα− < Xα, N > N,Xβ− < Xβ, N > N ] =
= UαV β[X¯α, X¯β].
(7.13)
We now calculate the commutator of elements of the basis, by parts.
We have by simple calculation
< Xα, N > N =
1
R
ηαβx
β . (7.14)
Substituting (7.14) in (7.13) we obtain
[X¯α, X¯β] =
= [Xα, Xβ]− [Xα,
1
R
ηβσx
σN ] + [Xβ,
1
R
ηασx
σN ] +
+
1
R2
[ηασx
σN, ηβσx
σN ].
(7.15)
In a local basis we have
[Xα, Xβ] = 0, (7.16)
[ηασx
σN, ηβσx
σN ] = 0. (7.17)
Substituting in (7.15) we obtain
[X¯α, X¯β] =
=
1
R2
(ηασx
σ ∂
∂(xβ)
− ηβσx
σ ∂
∂(xα)
)
=
1
R2
(xα
∂
∂(xβ)
− xβ
∂
∂(xα)
)
= −i
1
h¯
1
R2
Lαβ.
(7.18)
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Multiplying Lαβ by a vielbein basis we obtain
L(A)(B) =
= (ih¯)(R2)R(A)(B)(C)(D)x
(D)η(C)(M)
∂
∂(xM)
.
(7.19)
where
pˆ(M) = (ih¯)
∂
∂(xM)
(7.20)
is the quantum momentum operator of a particle, and
R(A)(B)(C)(D) =
=
1
R2
[η(A)(D)η(B)(C) − η(A)(C)η(B)(D)]
(7.21)
is the curvature of S in the vielbein basis and η(A)(C) is diagonal.
We consider as an important observation that the association between the
quantum angular momentum operator and the constant curvature operator is
allowed in an orthogonal vielbein basis of a Cartesian coordinate, regardless
of having a curved or a flat manifold. We have used the embedding of a n-
dimensional manifold S in an n+1-dimensional flat manifold, only to obtain
the quantum angular momentum operator of a particle, without postulates.
We can rewrite (5.19) as follows
L(A)(B) =
= (ih¯)[η(A)(D)η(B)(C) − η(A)(C)η(B)(D)].
.x(D)η
(C)(M) ∂
∂(xM)
.
(7.22)
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Note that the coordinates in (7.18) are in the n+1-dimensional flat man-
ifold and Lαβ ⊂ S, so that Lαβ = 0 for α or β equal to n+ 1.
Racah has shown that [10] the Casimir operators of any semisimple Lie group
can be constructed from the quantum angular momentum (5.22). Each multi-
plet of semisimple Lie group can be uniquely characterized by the eigenvalues
of the Casimir operators.
Although we have built the quantum angular momentum from classical geo-
metric considerations we can write the usual expression for an eigenstate of
Casimir operator as follows
Cˆ | ... >= C | ... > . (7.23)
In the following we calculate the Lie derivative of the so(p,n-p) algebra.
For the Lie group SO(p,q) we choose the signature (p, q) = (p, n − p) =
(−,−,−, ...−,+,+, ..+), with the algebra
[L(A)(B), L(C)(D)] = −i(η(A)(C)L(B)(D) + η(A)(D)L(C)(B)
+η(B)(C)L(D)(A) + η(B)(D)L(A)(C)).
(7.24)
Considering the Lie derivative
L[L(A)(B),L(C)(D)]g
′ =
= −
1
R
< [X(A), X(B)], [X(C), X(D)], N > g
′ = 0,
(7.25)
where, for the orthogonal Cartesian coordinates, the vielbein is given by
E
(A)
Λ = δ
(A)
Λ , (7.26)
we have
[X(A), X(B)] = [Xα, Xβ] = 0.
(7.27)
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Note that g′ in S is form-invariant in relation to the Killing’s vector ξ
[11] and in relation to the algebra of SO(p,n-p) as well. We conclude that
the algebra of SO(p,n-p) is a Killing’s object. The same is true for the alge-
bra of the Lie group SO(n), where for SO(n) we could choose the signature
(+,+,+...,+,+).
The constraint (7.1) is invariant for many of the classical groups. For these
groups it is possible to build operators, from the combination of the quan-
tum angular momentum operators, which are Killing’s objects in relation
to g′. Therefore, the metric is form-invariant in relation to this algebra. It
is interesting to see some of these groups in the Cartan’s list of irreducible
Riemannian globally symmetric spaces, [5], and in [12].
Note that we start from a normal coordinate transformation. In other words,
in the region where the transformation (2.4) is well-behaved, we can build
(3.10) and by a conformal transformation we have (5.23) which was essential
to obtain the quantum angular momentum operator from geometry.
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